Abstract-Wireless Sensor Networks (WSN) are comprised of densely deployed sensor nodes collaboratively observing and communicating extracted information about a physical phenomenon. Dense deployment of sensor nodes makes the sensor observations highly correlated in the space domain. In addition, consecutive samples obtained by a sensor node are also temporally correlated for the applications involving the observation of the variation of a physical phenomenon. Based on the physical characteristics and dispersion pattern over the area, the phenomenon to be observed can be modeled as point source or field source. Clearly, understanding the spatio-temporal correlation characteristics of the point and field sources brings potential advantages to be exploited in the design of efficient communication protocols. In this paper, a theoretical analysis of spatio-temporal correlation in WSN is carried out. The objective of this analysis is to capture the spatio-temporal characteristics of point and field sources in WSN. First, the model for point and field sources are developed and their spatio-temporal characteristics are analytically derived along with the distortion functions. Based on the theoretical analysis, numerical simulations are performed. This analytical work provides tools for finding the feasible operating region in terms of spatial and temporal resolution for a specific distortion constraint considering spatio-temporal correlation, signal properties, and network variables in WSN.
I. INTRODUCTION
W IRELESS Sensor Networks (WSN) are generally comprised of densely deployed sensor nodes collaboratively observing and communicating extracted information about physical phenomenon [1] . In general, accurate and efficient operation of any WSN deployment necessitates to maintain sufficient network and sensing coverage in the sensor network. To assure network and sensing coverage, WSN applications require sensor nodes to be densely deployed in the field. Dense deployment of sensor nodes makes the sensor observations highly correlated in the space domain with the degree of correlation increasing with internode proximity. Similarly, some of WSN applications such as event tracking require sensor nodes to periodically sample and communicate the sensed event features. The nature of the energy-radiating physical phenomenon yields temporal correlation between each consecutive observation of a sensor node [8] . The degree of correlation between consecutive sensor measurements may vary according to the temporal variation characteristics of the phenomenon.
Based on the application, the physical phenomenon to be observed can be modeled as point source, e.g., target detection/tracking, or field source, e.g., monitoring of magnetic field and seismic activities. In general, events generating signal which originates from a single point in the field can be modeled as a point source. The cases, where the physical phenomenon is dispersed over the field, can be modeled as field source. Clearly, it is of great importance to capture the spatio-temporal characteristics of point and field sources to be able design energy-efficient communication protocols which can exploit the potential advantages of correlation in WSN.
There has been some research efforts to study the correlation in WSN [2] - [7] . In [3] , the problem of correlated data gathering with the objective of energy minimization is studied using different coding models. Similar analysis is performed in [4] for lossy network and high-resolution coding under distortion constraints. The authors of [5] investigate the optimal network density under the total distortion constraint for delay-sensitive real-time data gathering of correlated physical phenomenon in WSN. Similarly, in [6] , the joint optimization of sensor placement and transmission structure for data gathering is proposed. However, these studies consider only the spatial correlation in the WSN and do not incorporate the temporal correlation in their analysis. In [7] , a lower bound on the best achievable end-to-end distortion for different coding schemes is derived as a function of the network parameters. Moreover, in [2] , the relation between spatial and temporal sampling rate on the overall network delay and energy consumption is studied. However, these work neither consider nor capture the spatiotemporal characteristics of the physical phenomenon. In [8] , the individual spatial and temporal correlation characteristics of a field source is considered. However, this work does not consider the joint effects of spatio-temporal correlation for both point and field sources. Hence, despite the considerable amount of existing research on correlation in WSN, none of these works explicitly study the spatio-temporal characteristics of physical phenomenon modeled by point and field sources.
In this paper, a theoretical analysis of spatio-temporal correlation in WSN is carried out. The objective of this analysis is to capture the spatio-temporal characteristics of physical phenomenon modeled by point and field sources in WSN. This work extends [8] by considering joint effects of spatio-temporal correlation for both point and field sources. In this study, first, the model for point and field sources are introduced and their spatio-temporal characteristics are derived along with the distortion functions in Section II and Section III, respectively. Based on the theoretical analysis, in Section IV, the numerical simulations for spatio-temporal correlation characteristics of point and field sources are performed. The results of this study yield a significant theoretical background to be used in the development of efficient communication protocols. Finally, the concluding remarks are discussed in Section V.
II. POINT SOURCE In many WSN applications such as target detection and fire detection, the goal is to estimate the properties of an event generated by a single point source, through collective observations of sensor nodes. In this section, we first introduce our model for the point source and formulate its spatio-temporal characteristics. Next, we derive the distortion function for the estimation of the point source.
A. Spatio-temporal Characteristics
The point source is assumed to generate a continuous signal which is modeled by a random process f S (s, t), where s denotes the outcome and t denotes time. For ease of illustration, we use f S (t) in the remaining of the paper. We model the point source, f S (t), as a gaussian random process such that f S (t) is first-order stationary, i.e., µ S (t) = µ S and has a variance σ 2 S . Without loss of generality, we assume µ S = 0. For ease of illustration, we assume the coordinate axis is centered at the point source. As a result, the received signal, f (x, y, t), at time t at a location (x, y) can be modeled as
which is the delayed and attenuated version of the signal f S (t).
In this model, we assume that the event signal travels with the speed, v, and is attenuated based on an exponential law, where θ s is the attenuation constant. Note that, the function f (x, y, t) is also a Gaussian random process and the samples taken by the sensors are jointly Gaussian random variables (JGRVs). Since, µ S = 0, the mean of the received signal, µ E = 0 1 . The variance of the received signal is also given as follows:
An interesting result from (2) is that, the variance of the signal observed at location (x, y) depends on the distance between the observation location and the point source. The received signal at time t k by a sensor n i at location (x i , y i ) is given by
1 The subscripts S and E which are used throughout the paper represent the source and event, respectively.
Assuming wide-sense stationarity, the spatio-temporal correlation function for two samples of a point source taken at locations (x i , y i ) and (x j , y j ), and at times t k and t l , respectively, is given by
where
is the distance of the sensor n i to the point source, and
S is the correlation function of the point source which is given by ρ S (∆ t ) = e −∆t/θt , where θ t is a constant governing the degree of correlation. Note that the spatio-temporal correlation between two samples, ρ p (i, j, k, l), depends mainly on the difference between sample times t k and t l since generally v
B. Distortion in WSN
In WSN, we are interested in estimating the signal generated by the point source using the samples collected by the sensor nodes. The expectation of the generated signal, f S (t), over an interval τ is given by
Each sensor node, n i , receives the attenuated and delayed version of the generated signal f S (t), i.e., S i [k] . Due to the impurities in the sensor circuitries, the sampled signal is the noisy version of this received signal which is given by
where the subscript i denotes the location of the node n i , i.e., (x i , y i ), k denotes the sample index which corresponds to time
is the noisy version of the actual sample S i [k] ,
, is then encoded and sent to the sink through the WSN. It has been shown that joint source-channel coding outperforms separate coding. Moreover, for WSN with finite number of nodes, uncoded transmission outperforms any approach based on the separation paradigm leading to the optimal solution for infinite number of nodes [8] . Under the light of these results, we assume that uncoded transmission is deployed in each node. Hence, the transmitted observation,
where σ The transmitted information is decoded at the sink. Since uncoded transmission is used, it is well known that minimum
mean square error (MMSE) estimation is the optimum decoding technique [8] . Hence, the estimation,
, which is given by
The sink is interested in estimating the expected value of the event during a decision interval τ which is given by (5) . Assuming each sensor node sends information at a rate of f samples/sec, this estimation can simply be found bŷ
where M is the number of sensor nodes that send samples of the observed point source. M nodes are chosen among the nodes in the network to represent the point source, and hence, are referred to as representative nodes. Consequently, the distortion achieved by this estimation is given by
where the subscript p denotes the point source. Using (1), (2), (5), (8) , and (9), (10) can be expressed as in (11), where
is the spatio-temporal correlation function given in (4).
III. FIELD SOURCE
There exist applications such as temperature monitoring and seismic monitoring, where the physical phenomenon is dispersed over the sensor field, and, hence, can be modeled as a field source. Thus, here, we explore the spatio-temporal characteristics of observing such a phenomenon in WSNs.
A. Spatio-temporal Characteristics
The event signal f (x, y, t) is assumed to be a Gaussian random process with N (0, σ 2 s ). The sink is interested in estimating the signal f (x 0 , y 0 , t) over the decision interval τ at location (x 0 , y 0 ). Assuming the observed signal f (x, y, t) is wide-sense stationary (WSS), the expectation of the signal over the decision interval τ , i.e., S(τ ) can be calculated by the time average of the observed signal:
where ( 
where 
are spatial and temporal correlation functions, respectively,
is the distance between two nodes n i and n j , and θ s and θ t are spatial and temporal correlation coefficients, respectively.
B. Distortion in WSN
Following the discussion and derivations in Section II, the noisy version of the signal,
are given by (6) and (7), respectively. The estimation Z i [k] can be found as follows:
After collecting the samples of the signal in the decision interval τ from M nodes, the sink estimates the expectation of the signal over the last decision interval as given in (9). As a result, the distortion achieved by this estimation is given as in (10). Using the definitions above and substituting (12), (15), and (9) into (10); the distortion function can be derived as in (16).
IV. ANALYSIS AND RESULTS
In this section, we provide numerical simulation results for spatio-temporal correlation characteristics of point and field sources using the distortion functions given by (11) and (16). A sensor network of a grid topology of 50m × 50m with 120 nodes is used for the evaluations. For the point source evaluations, the location of the point source is the center of the grid, while for the field source evaluations, the network aims to estimate the signal value at the center of the grid using the samples of the sensors located on the grid.
For each evaluation, the closest M nodes to the center are chosen to send information. This selection method, which we refer to as ordered selection, enables us to observe the spatial correlation effects as the M value is increased, since higher value of M corresponds to nodes farther from the center being chosen. Another important parameter is the number of packets sent by a single sensor node during the decision interval τ , which is denoted as K = τ f, where f is the sampling rate of the sensor nodes. In the evaluations, the parameter K is fixed and τ is determined as the f changes, which enables us to investigate the effect of a large range of sampling rate values.
A. Point Source
In this section, the behavior of the distortion function in (11) is investigated for various values for sampling rate, f , number of representative nodes, M , number of samples, K, and spatial and temporal correlation coefficients, θ S and θ T , respectively. The influence of sampling rate, f , on distortion is shown in Fig. 1(a) . It is clearly seen that, as the sampling rate increases, distortion decreases, which show the effect of temporal resolution on event estimation. The rate of decrease is significantly large for a specific range of f values, e.g., 0.1 < f < 100 for M = 5. Moreover, above this range of f values, the distortion remains relatively constant. This observation reveals that there is an optimal value, f opt , for temporal resolution such that further increase in sampling rate, f , does not influence the distortion.
The effect of number of representative nodes, M , on distortion is also shown in Fig. 1(a) . It is clear that, increasing M degrades the distortion function for high values of sampling rate, f . As the sampling rate increases, consecutive samples become sufficient to extract the characteristics of the source. However, as M is increased, distortion increases due to decrease in spatial correlation. On the other hand, for lower sampling rates, e.g., f < 0.1s −1 , an increase in M improves the distortion since the temporal resolution is not sufficient in this case. As a result of increased M , the spatial correlation helps build a more accurate estimation of the signal. However, increasing M above a specific value, e.g., M = 10, has no impact on distortion. This result reveals that, there is an optimal value, M opt , for efficient estimation, which we will investigate in detail later.
In Fig. 1(b) , the effect of number of samples, K, is shown. The solid lines represent the distortion values for each K, and the dotted lines show the corresponding decision interval values, i.e., τ . Note that, when the sampling rate is low, τ increases significantly so that required number of samples can be collected (note the logarithmic scale on x-axis). However, this increase in τ results in temporally uncorrelated samples to be collected, which leads to higher distortion. However, for higher values of f , τ decreases and the temporal resolution becomes sufficient. Moreover, for the transition region, where the distortion function decreases significantly, the number of samples, K, has an important influence on distortion. In this region, lower K also improves the estimation since more closely sampled instances are taken into account. However, when the sampling rate, f , is further increased, the temporal resolution becomes so fine that, any number of samples does not effect the distortion, where the lines for different K values intersect.
In Fig. 1(c) and 1(d) , the influence of the temporal and spatial correlation coefficients, θ T and θ S , on distortion are shown, respectively. A higher value of either of these parameters corresponds to a higher correlation in either temporal or spatial domain. As shown in Fig. 1(c) , as θ T is increased, i.e., the temporal correlation between nodes are increased, an increase in sampling rate results in a much more decrease in the distortion. This is also observed for θ S as shown in Fig. 1(d) . An interesting result is that, although the number of nodes are fixed in Fig. 1(d) , higher spatial correlation improves the effect of temporal resolution since each selected node is highly correlated with the point source.
B. Field Source
In this section, the behavior of the distortion function in (16) for field sources is investigated for the same set of parameters used in Section IV-A. The effect of the number of representative nodes, M , and the number of samples, K are found to be similar to the point source case and hence, are not reproduced here. Similar observations can be made as in Section IV-A.
In Fig. 2 , the effect of temporal correlation coefficient on the distortion is shown. Contrary to our results for point source, the decrease in distortion does not depend on θ T . However, the distortion plot shifts to the left when θ T is increased. This affects the optimal sampling rate value, f opt , i.e., higher θ T results in smaller f opt value. On the other hand, the relation between spatial correlation coefficient θ S with distortion is similar to the case in point source shown in Fig. 1 (d) , and hence, is not reproduced here. Similarly, the decrease in distortion depends on θ S , which shows that spatial correlation is more important in decreasing the distortion for field sources. In Fig. 3 , the tradeoff between spatial and temporal resolution is shown. Each point represents the boundary of the feasible region for (M, f ) values that meet a certain distortion constraint, D max . The figure can be read as follows: For each allowed distortion D max , the tuples represent the boundary of the feasible region inside which the distortion constraint is guaranteed. An important result is that, for each D max value, there is an optimum operating point, where minimum number of nodes can be used with low sampling rate. Increasing M above this value also requires increase in temporal resolution. Moreover, a decrease in maximum allowed distortion value, D max , results in a smaller feasible region, as expected. This also results in a smaller range for feasible values of M . Consequently, aggressively collecting information from each sensor node in the field, does not necessarily correspond to more accurate estimation. This figure serves as an important guideline to the design of communication protocols, network topology and deployment for a particular distortion requirement.
C. External Parameters
In this section, we investigate the effects of the network topology properties, such as grid size, and the effects of using a random topology for field sources. The results also apply to point sources and are not shown here because of space limitations.
We present the effects of network topology on event distortion in Fig. 4 , where distortion is plotted versus M for different grid sizes at sampling rate f = 13.74 s −1 . Grid size is defined as the minimum distance between two neighbor nodes in the grid topology. Smaller grid sizes correspond to higher granularity at the cost of higher density and larger number of sensors to cover a certain area, which affect the deployment cost and energy consumption of the WSN. It is shown in Fig. 4 that there is an optimal point for M for small grid sizes (< 10 m). Moreover, increasing grid size also increases the distortion. As explained before, when M is increased, nodes far from the field center are chosen. Hence, as the grid size increases, these nodes become spatially uncorrelated. In this case, increasing M helps decrease distortion. On the other hand, when the grid size is small, an increase in M does not affect the distortion. This shows that a suitable internode distance needs to be chosen for efficient coverage of the physical phenomenon as well as an optimum M value.
So far, a grid topology has been considered for evaluations. However, a grid topology may not be practical for some WSNs and the effect of using a random topology needs to be considered. Moreover, in our evaluations, we use a specific method for representative node selection, such that the closest M nodes to the source are chosen. This selection assumes that the location of the event source is known. However, in some applications, the location of the source may not be available to the sink. This is important especially in tracking applications.
The effect of randomness in the network topology and the node selection method is investigated using three different scenarios. The first scenario corresponds to a random topology of 120 nodes in a 50m×50m topology, where M representative nodes are randomly selected. For Scenario 2, again random topology is used with ordered selection method. Scenario 3 corresponds to grid topology with ordered selection. The achieved distortion from these scenarios are shown in Fig. 5 . For scenarios 1 and 2, the average of 1000 random topologies are shown. The results show that, when ordered selection is used, the randomness of the network topology improves the achieved distortion. It can also be observed that, when the nodes are randomly chosen, the achieved distortion is significantly high, i.e., Scenario 1, since the representative nodes can be located anywhere in the network. However, a higher value of M , in this case, helps reduce the distortion. Hence, in practical applications where the source location is not known, at first, higher number of representative nodes can be used to locate the signal source, and once the location of the signal source is found, the number of nodes can be decreased to the optimum M value to improve the accuracy of estimation.
V. CONCLUSION
In this paper, a theoretical analysis of spatio-temporal correlation characteristics of point and field sources in WSN is performed. This analytical work provides tools for finding the feasible operating region in terms of spatial and temporal resolution for a specific distortion constraint considering spatio-temporal correlation, signal properties, and network variables in WSN. Extensions of this work include the study of spatio-temporal characteristics of point and field sources with different correlation models. Moreover, we will investigate different reconstruction models such as filtering or nearest node representation. Furthermore, the effect of the impurities of the wireless channel will be investigated. Finally, the comparison of the correlation models with empirical data will be conducted.
